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We compute the temperature dependence of the antiferromagnetic order parameter and the gap in
the two dimensional Hubbard model at and close to half filling. Our approach is based on truncations
of an exact functional renormalization group equation. The explicit use of composite bosonic degrees
of freedom permits a direct investigation of the ordered low temperature phase. We show that the
Mermin–Wagner theorem is not practically applicable for the spontaneous breaking of the continuous
spin symmetry in the antiferromagnetic state. The critical behavior is dominated by the fluctuations
of composite Goldstone bosons.
PACS numbers: 64.60.AK,75.10.-b,71.10.Fd,74.20.-z
The low temperature phase of the Hubbard model [1]
is highly interesting for a variety of phenomena observed
in strongly correlated electron systems. This includes the
antiferromagnetic state for zero or small doping, on which
we concentrate in this note, as well as possible super-
conducting states for large doping. There has been a
long debate about the effective theory for the spin wave
fluctuations [2], [3] and the correct implementation of
mean field theory [4, 5, 6], the problem being to reconcile
the SO(3)-spin symmetry with the Hartree-Fock results.
More recently, functional renormalization group studies
have made progress in the understanding of instabilities
in various channels and the corresponding phase diagram
[7, 8, 9, 10], but have been unable to explore the ordered
phases for low temperature. (For other approaches see
[11, 12].) We concentrate in this note on the two dimen-
sional Hubbard model with next neighbor interactions.
There a further problem arises for the understanding of
the antiferromagnetic state - a theorem by Mermin and
Wagner [13] forbids the spontaneous breaking of a contin-
uous symmetry at nonvanishing temperature. This seems
to contradict an antiferromagnetic order since the latter
breaks spontaneously the continuous spin symmetry.
In this letter we present a combined study of
Schwinger-Dyson (or Hartree-Fock) equations [14, 15],
extended mean field methods [16], [17] using a general-
ized Hubbard-Stratonovich transformation [18] and func-
tional renormalization based on an exact renormalization
group equation [19, 20] for the effective average action
[21]. We propose a partial bosonization which respects
all symmetries. For a suitable choice the mean field the-
ory (where only the fermionic fluctuations are taken into
account) reproduces the Hartree-Fock result. For generic
choices, however, the mean field phase diagram depends
on unphysical parameters [16], reflecting the “Fierz am-
biguity” [22] in the formulation of mean field theory. This
problem is overcome by the inclusion of the bosonic fluc-
tuations. The size of the bosonic corrections depends in
such a way on the choice of partial bosonization that
the phase diagram becomes almost independent of the
choice of the mean field already for the approximations
employed in the present work [23].
The scale dependence of the effective action is followed
by the solution of a functional flow equation. This is for-
mulated in the partially bosonized theory, employing the
“rebosonization” technique of [24]. We thus combine the
capability of mean field theory to describe an order pa-
rameter with the advantages of the functional renormal-
ization group. The renormalization flow includes step by
step the bosonic fluctuations on larger and larger length
scales and the fermionic fluctuations closer and closer to
the Fermi surface as the “infrared cutoff” k is lowered.
This formulation of the functional renormalization group
can be used in the low temperature phase as well, in con-
trast to the purely fermionic formulation [7, 8, 9, 10].
A coherent picture for the antiferromagnetic phase at
low temperature and small doping emerges. We find a
simple effective action for the spin waves (cf. eq. (15)
and a more detailed discussion in [23]) which respects all
symmetries. For temperatures near and below the effec-
tive critical temperature Tc and for small doping (small
chemical potential µ) it can be described by an O(3)-
symmetric effective potential U(~a) for the antiferromag-
netic order parameter ~a and an appropriate kinetic term
which reads for small momenta (Zat
2/2)∂i~a∂i~a. (Here Za
is a wave function renormalization, t is the next neigh-
bor coupling of the Hubbard model and the derivatives
∂i are in lattice units.) For T < Tc the minimum of U
occurs for α0 = ~a
2
0/2 6= 0. The characteristic scale for the
antiferromagnetic order is set by the renormalized order
parameter κa = Zat
2α0/T . In particular, this determines
the gap for the electrons, ∆a =
√
2Tκa/Za(ha/t), with
Yukawa coupling ha/t close to one for our numerical ex-
ample [23]. Also the renormalized mass (or inverse cor-
relation length) for the spin fluctuations in the “radial
direction” (parallel to the order parameter ~a0) is deter-
mined by κa, m˜a ∼ √κa, whereas the spin fluctuations in
the “Goldstone direction” perpendicular to ~a0 are mass-
less (infinite correlation length) for all T < Tc. Our result
for the order parameter κa is plotted in fig. 1.
Actually, as a particularity of the two dimensional
model, the size of the gap ∆a (and the value of κa) de-
pends on the infrared scale k which may be associated
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FIG. 1: Renormalized expectation value κa of the antifer-
romagnetic condensate in the low temperature phase for
µ = 0, U/t = 3.
to the inverse of the size of the experimental probe. (We
take k−1 ≈ 1cm.) This is due to the fluctuations of the
massless Goldstone bosons which reduce ∆a as k is low-
ered. As we can see in fig. 2 this decrease is only logarith-
mic. For any fixed T 6= 0 and µ one always encounters
a scale k > 0 where κa vanishes. Therefore, the order
parameter vanishes for k → 0, in agreement with the
Mermin-Wagner theorem. Nevertheless, for low enough T
the effective order parameter remains nonzero for any re-
alistic macroscopic length k−1. In this sense the Mermin-
Wagner theorem fails to be practically applicable to the
low temperature behavior of the two dimensional Hub-
bard model. For fixed macroscopic k−1 and T < Tc the
latter is well described by an ordered antiferromagnetic
phase.
The effective critical temperature Tc depends mildly
on the size of the probe k−1 - a change of k by a factor
ten shifts Tc by 10%. Nevertheless, the two dimensional
model exhibits effective critical behavior near Tc, with a
macroscopic correlation length. For k ≪ T the fermion
fluctuations effectively decouple and the flow is described
by a classical O(3) linear scalar model [25] (right part of
fig. 2). For the correlation length ξ we find for T > Tc
ξ(T ) =
c(T )
t
exp
{
20.7β(T )
Tc
T
}
(1)
with Tc = 0.114t , β(Tc) = 1 and c(T ), β(T ) smoothly
varying functions of T [23] without particular features
for T → 0. This closely resembles the result of [26] which
would correspond to constant β. Near Tc the correlation
length reaches the macroscopic size of the probe. Eq. (1)
is no longer applicable for T < Tc.
The antiferromagnetic order occurs in the low temper-
ature phase for a whole range of small doping. The critical
temperature decreases mildly with the chemical potential
µ [23]. We emphasize that the quantitative impact of the
Goldstone-boson fluctuations on the value of Tc is very
substantial. One may define a “pseudocritical tempera-
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FIG. 2: Flow of the renormalized minimum of the potential
κa (solid), the quartic bosonic coupling 10
−2λa (long dashes)
and the wave function renormalization 10−1Za (short dashes).
We have chosen U/t = 3 and T/t = 0.15; µ = 0.
ture” Tpc where the mass term for the antiferromagnetic
spin wave reaches zero for some k, corresponding in the
fermionic language to the four fermion coupling in the
associated momentum channel growing “infinitely” large.
We find Tpc/t = 0.18(0.21) for µ = 0, Tpc/t = 0.145(0.18)
for µ/t = 0.15 (with brackets for mean field theory) - to
be confronted with Tc = 0.115 for µ = 0.
We next describe our formalism and approximations
- for more details see [23]. We work within a functional
integral formalism where the coordinates X denote the
lattice sites as well as a “Euclidean time” τ . We concen-
trate in this note on fermion bilinears corresponding to
spin density waves ~˜m and charge density waves ρ˜.
~˜m(X) = ψˆ†(X)~σψˆ(X) , ρ˜(X) = ψˆ†(X)ψˆ(X). (2)
With these bilinears the four fermion coupling of the
Hubbard model can be written as
(ψˆ†(X)ψˆ(X))2 = ρ˜(X)2 = − 13 ~˜m(X)2. (3)
We define the partially bosonized partition function by
Z[η, η∗, Jρ, ~Jm] =
∫
D(ψ∗, ψ, ρˆ, ~ˆm) exp (−(S+Sη+SJ))
(4)
with bosonic fields ~ˆm, ρˆ, sources η, J and classical action
S = SF,kin +
1
2Uρρˆ
2 + 12Um ~ˆm
2 − Uρρˆρ˜− Um ~ˆm~˜m,
Sη = −η†ψ − ηTψ∗, SJ = −Jρρˆ− ~Jm ~ˆm.
(5)
In particular, the fermion kinetic term in momentum
space takes the form
(
ωF = (2n+ 1)πT
)
SF,kin =
∑
Q
ψˆ†(Q)PF (Q)ψˆ(Q), (6)
PF (Q) = iωF + ǫ− µ, ǫ(q) = −2t(cos qx + cos qy)
such that the Fermi surface is located at −2t(cos q1 +
cos q2) = µ. Here the Fourier transforms are defined as
3ψˆ(X) =
∑
Q ψˆ(Q)e
iQX and we use the short hand nota-
tion Q = (ωF , q), X = (τ,x), QX = ωF τ + xq.
The Gaussian functional integral over the spin density
boson ~ˆm(x) and charge density boson ρˆ(x) can be per-
formed explicitely. This demonstrates that W = lnZ is
equivalent to the free energy of the Hubbard model with
next neighbor coupling and repulsive interaction U > 0
(up to terms ∼ J2 which are explicitely calculable). The
equivalence holds for all Uρ and Um subject to the con-
straint
U = −Uρ + 3Um. (7)
The remaining freedom in the choice of Um is related to
the Fierz ambiguity. The Hartree-Fock or lowest order
Schwinger Dyson approximation corresponds to a com-
putation of the fermionic fluctuation determinant (ne-
glecting the fluctuations of ρˆ, ~ˆm) for the choice Uρ =
Um = U/2. (See [16] for a generalized setting).
The renormalization flow is implemented by the intro-
duction of an infrared cutoff k through a piece in the
action quadratic in the fields χˆ = (ψ, ρˆ, ~ˆm) = (ψ, bˆ). In
presence of this cutoff the generating functional for the
connected Green functions depends on the scale k
Wk[J ] = ln
∫
Dχˆ exp (− (S[χˆ] + ∆Sk[χˆ]) + Jχˆ)), (8)
∆Sk =
∑
Q
{
ψˆ†(Q)Rψk (Q)ψ(Q) +
1
2
bˆ(−Q)Rbk(Q)bˆ(Q)
}
.
For the fermionic cutoff we choose
Rψk (Q) = iωF (
Tk
T − 1) = 2πi(nF + 12 )(Tk − T ), (9)
which has the effect of replacing the temperature T by
some function Tk in the fermionic propagator. We specify
this function by T 4k = T
4 + k4, such that for large k the
flow mimics a change in temperature whereas for k ≪
T the modification of the fermion propagator becomes
ineffective. For the bosonic cutoff we take
Rbk(Q) = Z(k
2 − Qˆ2)Θ(k2 − Qˆ2), (10)
where Qˆ2 = Q2 in an appropriate interval, see eq. (16).
We define the effective average action as (χ = ∂W/∂J)
Γk[χ] = Jχ−Wk[J ]−∆Sk[χ]. (11)
The dependence on the scale k obeys an exact flow equa-
tion [19]
∂kΓk[χ] =
1
2STr
{
∂kRk[Γ
(2)
k +Rk]
−1
}
, (12)
which has a physically intuitive “one loop form” [21].
Here the “supertrace” runs over field type, momentum
and internal indices and has an additional minus sign for
fermionic entries. We see that the IR cutoff Rk adds to
the exact inverse propagator matrix Γ
(2)
k (second func-
tional derivative) and therefore regulates possible zero
modes, removing potential infrared problems for any
k > 0. The effective average action interpolates between
the classical action S (“initial condition” for k →∞) and
the full “quantum effective action” for k → 0.
As we are mainly interested in antiferromagnetic be-
havior we define the boson
(
Π = (0, π, π)
)
~a(Q) = ~m(Q+Π) , ~a(X) = (−1)Pψ†(X)~σψ(X), (13)
with P = 1 for odd lattice sites and P = 0 else. The an-
tiferromagnetic order corresponds to ~a(X) independent
of X .
For an approximative solution of the functional differ-
ential equation (12) we employ a truncation of Γk con-
sisting of a fermionic kinetic term, a Yukawa interaction
between the fermions and bosons and a bosonic effec-
tive action for the ~a-boson. We describe here the choice
Uρ = 0 , Um = U/3 whereas an extended truncation in-
cluding the fluctuations of the ρ-bosons can be found in
[23]. For the fermionic kinetic term we adopt the classical
part unchanged Γψ,k = SF,kin(5). The Yukawa coupling
ha,k is taken to be scale dependent
ΓY,k[ψ, ψ
∗,~a] = −ha,k
∑
KQQ′
~a(K)ψ∗(Q)~σψ(Q′) (14)
×δ(K −Q +Q′ +Π)
and the purely bosonic part is described by a kinetic term
and an effective potential
Γa,k[~a] =
1
2
∑
Q
~a(−Q)Pa(Q)~a(Q) +
∑
X
Uk
(
α(X)
)
. (15)
Due to SO(3) spin symmetry the k-dependent effective
potential Uk only depends on the rotation invariant com-
bination α(X) = 12~a(X)~a(X). The boson kinetic term
(ωB = 2πmT )
Pa(Q) = Za,kQˆ
2 = Za,k(ω
2
B + t
2[q]2), (16)
involves a scale dependent wave function renormalization
Za,k (with the dimension of mass
−1) and the function [q]2
is defined as [q]2 = q2x+ q
2
y for qi ∈ [−π, π] and continued
periodically otherwise.
The flow equation for the effective potential Uk(α) ob-
tains by evaluating eq. (12) for a homogeneous antiferro-
magnetic order parameter, ~a(Q) = ~aδ(Q), α = 12~a
2. The
contribution of the fermionic fluctuations can be found
by replacing in the mean field theory result T → Tk in the
fermionic propagator and applying the formal derivative
∂˜k = (∂Tk/∂k)∂/∂Tk. The bosonic contribution is the
same as for the O(3) linear σ–model [20, 21]:
∂kU(α) = −2T
∫ π
−π
d2q
(2π)2
∂˜k ln cosh y(α) (17)
+
1
2
∑
Q,i
∂˜k ln[Pa(Q) + Mˆ
2
i (α) +R
a
k(Q)]
4Here the squared fermion mass (gap) ∆2a = 2h
2
aα enters
the function
y(α) =
1
2Tk
√
ǫ2(q) + 2h
2
aα. (18)
The boson mass terms Mˆ2i obtain from the second deriva-
tives of Uk and are different for the “radial mode” (in the
direction of ~a) and the “Goldstone modes” (perpendicu-
lar to ~a). In the SSB regime we recognize two massless
Goldstone bosons for α at the minimum of the potential,
α = α0 6= 0.
The flow of Za is determined by the anomalous dimen-
sion ηa = −k∂k lnZa,
ηa = h
2
atk(∂kTk)
[ ∂
∂Tk
∂
∂(l2)
(19)
{ 1
Tk
∫ π
−π
d2q
(2π)2
tanh ǫ(q)+µ2Tk + tanh
ǫ(q+leˆ1)−µ
2Tk
(ǫ(q) + ǫ(q + leˆ1))/t
}]
l=0
.
For the running of the renormalized Yukawa coupling
ha = (T/Za)
1/2t−2ha we obtain in the symmetric regime
(α0 = 0) a direct and a “rebosonized” contribution
k∂kh
2
a = h
2
aηa + β
(d)
h2
a
+ β
(rb)
h2
a
,
β
(d)
h2
a
= −2h4a
t2
kT
∂˜k
∑
Q
{
p−1a (Q)p
−1
F (Q)p
−1
F (Q +Π)
}
β
(rb)
h2
a
= 2m2ah
4
a
t2
kT
∂˜k
∑
Q
{
p−1a (Q)p
−1
a (Π−Q)
p−1F (−Q)[p−1F (Π−Q)− p−1F (Q)]
}
(20)
with m2a = ∂Uk/∂α|α=0 , pF (Q) = (iωˆF − µ +
ǫ(q))/t, ωˆF = (2n+1)πTk, pa(Q) = Q
2
k/k
2+m2a , Q
2
k =
Qˆ2Θ(Q2−k2)+k2Θ(k2−Qˆ2). In the SSB-regime (α0 6= 0)
the change of the Yukawa coupling is negligible as we have
checked numerically. Our results obtain from a numeri-
cal solution of the flow equations (17), (19), (20) with a
quartic approximation to Uk(~a) [23]. The initial condi-
tions for very large k are given by ha = Um = U/3, Za =
0, Uk(α) = Umα.
We believe that our truncation catches the most impor-
tant features in the region of small doping. Our method
gives a unified description which covers at once several in-
teresting limiting cases: perturbation theory and the per-
turbative renormalization flow of the four-fermion cou-
pling (small U), Hartree-Fock (Za = 0) and the classi-
cal spin wave description (k ≪ T ). The universal long-
distance features (e.g. eq. (1)) are quite robust and should
apply to a large class of models, including realistic mate-
rials: for decreasing T the correlation length increases so
rapidly that it reaches the macroscopic size of the probe
k−1 at Tc. For T < Tc the formal symmetry restora-
tion would require the randomization of antiferromag-
netic domains with size much larger than k−1. This effect
is absent in a real experiment and macroscopic order can
therefore be observed.
The analysis can be extended to include other bosonic
channels, including the superconducting channel relevant
for large doping [16], [23]. This would also lead to a more
complete treatment of the momentum dependence of the
effective four fermion interaction.
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